We consider the action of an irreducible outer automorphism φ on the closure of Culler-Vogtmann Outer space. This action has north-south dynamics and so, under iteration, points converge exponentially to [T φ + ]. For each N ≥ 3, we give a family of outer automorphisms φ k ∈ Out(FN ) such that as, k goes to infinity, the rate of convergence of φ k goes to infinity while the rate of convergence of φ −1 k goes to one. Even if we only require the rate of convergence of φ k to remain bounded away from one, no such family can be constructed when N < 3.
As described in [1] , the rate of convergence of [T ·φ n ] to [T φ + ] is determined by ω(φ). Thus we state the main result of this paper, a complete characterisation of when it is possible to build outer automorphisms which converge rapidly in one direct but slowly in the other, in terms of the spectral ratio:
Theorem 3. There is a family of fully irreducible outer automorphisms φ k ∈ Out(F N ) such that ω(φ k ) → ∞ but ω(φ −1 k ) → 1 if and only if N ≥ 3. This gives another difference between irreducible outer automorphisms and pseudo-Anosov mapping classes of surfaces. A pseudo-Anosov mapping class h ∈ Mod + (S) has its spectral ratio ω(h) defined in terms of its dilatation [1, Definition 1.3] . However, h and h −1 have the same dilatation [3, Proposition 11.3] and so ω(h) = ω(h −1 ) automatically. It is straightforward to prove the forward direction of Theorem 3 by considering its contrapositive:
• When N = 1 there is nothing to check as all automorphisms of F 1 are finite order.
• When N = 2, any irreducible outer automorphism φ ∈ Out(F 2 ) is geometric. Hence there is a pseudo-Anosov mapping class on S 1,1 , the oncepunctured torus, which induces φ on π 1 (S 1,1 ).
However, the spectral ratio of any pseudo-Anosov mapping class of the once-punctured torus is at least ϕ 4 = 6.854101 · · · , where ϕ is the golden ratio [1, Section 3.3] . Therefore ω(φ) = ω(φ −1 ) ≥ ϕ 4 and so these are both bounded away from one.
Thus we devote the remainder of this paper to constructing an explicit family of outer automorphisms of F N = a 1 , a 2 , . . . , a N , for fixed N ≥ 3.
To do this, we start by considering the polynomials
Since these are linear polynomials in y, they are irreducible over Q. Therefore, by Hilbert's irreducibility theorem [7, Chapter 9] , there are infinitely many integers k ≥ 3 such that p k (x) := f (x, k) and q k (x) := g(x, k) are both irreducible.
Lemma 4. Suppose that k ≥ 3. The polynomial p k has N − 1 roots inside of the unit circle and one root in [k, k + 1]. Similarly, the polynomial q k has N − 2 roots inside of the unit circle, one root in
For example, see Figure 1 .
Proof. Let h(z) := −kz N −1 . Then when |z| = 1 we have that
Therefore, by Rouché's theorem, p k must have the same number of roots inside of the unit circle as h does. Hence p k has N − 1 roots inside of the unit circle. Applying the same argument with h(z) := −kz N −2 to q k shows it must have N − 2 roots inside of the unit circle. Again, we verify that the other two roots of In fact knowing the positions of the roots allows us to show many of these polynomials are irreducible directly.
Proof. First assume that there is a z such that |z| = 1 and p k (z) = 0 and so
However this would mean that |k| ≤ |k − z| + |z| = 2 which contradicts the fact that k ≥ 3. Hence p k cannot have a root on the unit circle. Now assume that p k is reducible. Then one of its factors, q ∈ Z[x], must have all of its roots inside of the unit circle. Therefore the constant term of q, which is the product of its roots, must have modulus less than one. However this means that the constant term of q must be zero and so zero is a root of p k , which is false.
Similarly, by taking into account the symmetry of the roots, the same argument also shows that q k is irreducible whenever k ≥ 3 and N is even. Furthermore, for many of the low, odd values of N we can find a prime p and k ∈ Z/pZ such that the image of q k in (Z/pZ)[x] is irreducible. It then follows that q k is irreducible whenever k ≡ k (mod p). Some of these values are shown in Table 1 . 
We use this family to conclude the remaining direction of Theorem 3:
Theorem 6. Suppose that k ≥ 3 is such that p k and q k are both irreducible. The outer automorphisms φ k and φ −1 k are non-geometric and fully irreducible.
Proof. We interpret φ k as a piecewise-linear homotopy equivalence f of the Npetalled rose. Since this is a positive automorphism, this is a train track map [2] . The transition matrix of this map is: and, up to a sign, the characteristic polynomial of A is
We chose k so that this polynomial is irreducible and so ω(φ k ) = ω(p k ). Now by Lemma 4 this polynomial has N − 1 roots that lie in the interior of the unit circle and one root in [k,
On the other hand, φ −1 k is given by:
Again, we consider this as a piecewise-linear homotopy equivalence g of the Npetalled rose. Direct calculation of the turns involved shows that this is again a train track map and that its transition matrix is: Up to a sign, the characteristic polynomial of B is
Again, we chose k so that this polynomial is irreducible and so ω(φ k ) = ω(q k ). Thus by Lemma 4 this polynomial has N − 2 roots that lie in the interior of the unit circle, one root in
It also follows from this computation that λ(φ k ) = λ(φ 
respectively. Let X 0 and Y 0 be the metric graphs in Outer space corresponding to N -petalled roses with these lengths assigned. Then X 0 and its images X i := X 0 · φ k . We note that
Furthermore, direct calculation of the lengths of candidate loops shows that
for every i and j and that
Therefore suppose that the distance between these two axes is realised by points X and Y . Without loss of generality we may assume that X lies in the segment [X i , X i+1 ] and that Y lies in the segment [Y j−1 , Y j ]. However, as shown in Figure 2 , We note that for each φ k the turns {a i , a j } are all illegal. Hence these are never lone axis automorphisms [9, Theorem 3.9] . Similarly, for each φ i , a i+2 } (where the indices wrap over so a N +1 := a 1 and a N +2 := a 2 ) are all illegal and so these are also never lone axis automorphisms. Remark 9. From the eigenvectors above, we also see that as k goes to infinity these axes enter thinner and thinner parts of Outer space.
